A nonlinear shallow water equation, which includes the famous Camassa-Holm (CH) and Degasperis-Procesi (DP) equations as special cases, is investigated. Provided that initial
Introduction
Degasperis and Procesi [1] investigated the family of third-order dispersive partial differential equations u t + c 0 u x + γ u xxx − α In fact, the Camassa-Holm equation arises as a model describing the unidirectional propagation of shallow water waves over a flat bottom [6] [7] [8] . The equation was originally derived much earlier as a bi-Hamiltonian generalization of the Korteweg-de Vries equation (see [9] ). Constantin and Lannes [10] , and Johnson [7] derived models which include the Camassa-Holm equation (2) . It has been found that Eq. (2) conforms with many conservation laws (see [11, 12] ) and possesses smooth solitary wave solutions if k > 0 [8, 13] or peakons if k = 0 [6, 14] . Eq. (2) is also regarded as a model of the geodesic flow for the H 1 right invariant metric on the Bott-Virasoro group if k > 0 and on the diffeomorphism group if k = 0 (see [15] [16] [17] [18] [19] [20] [21] [22] ). The local well-posedness, global existence, blow-up structures and the well-posedness of global weak solutions of (2) have been given in [23] [24] [25] [26] [27] . The sharpest results for the global existence and blow-up solutions are found in [28, 2] . The construction of the soliton solutions for Eq. (2) was presented in [29] .
and c 2 = c 3 in Eq. (1), after rescaling, shifting the dependent variable and applying a Galilean boost [30] , it becomes the Degasperis-Procesi equation of the form By constructing a Lax pair, Degasperis, et al. [30] proved the formal integrability of Eq. (3). It was shown in [30] that Eq. (3) has a bi-Hamiltonian structure with an infinite sequence of conserved quantities and that it admits exact peakon solutions which are analogous to the Camassa-Holm peakons. Eq. (3) can be used as a model for nonlinear shallow water dynamics and its asymptotic accuracy is the same as that for the Camassa-Holm shallow water equation. Dullin et al. [31] showed that the Degasperis-Procesi equation can be obtained from the shallow water elevation equation by an appropriate Kodama transformation. Lundmark and Szmigielski [32] developed an inverse scattering approach for computing n-peakon solutions to Eq. (3). The traveling wave solutions of Eq. (3) were investigated in Vakhnenko and Parkes [33] . Holm and Staley [34] studied stability of solitons and peakons numerically. Indeed, the Degasperis-Procesi equation (3) has attracted many scientists to discover its dynamics (see [3, [35] [36] [37] [38] [39] 32, 5, 40, 41] ). For example, Lin and Liu [42] proved the stability of peakons for the Degasperis-Procesi equation (3) under certain assumptions. Yin [40] proved the local well-posedness of
. The precise blow-up scenario and a blow-up result were derived in [40] . The global existence of strong solutions and global weak solutions to Eq. (3) are studied in [41] . Recently, Lenells [38] classified all weak traveling wave solutions. Matsuno [5] studied multisoliton solutions and their peakon limits. Analogous to the case of the Camassa-Holm equation (2), Henry [37] and Mustafa [43] showed that smooth solutions to Eq. (3) have infinite speed of propagation. Coclite and Karlsen [3] also obtained global existence results for entropy solutions in L
Most recently, Escher and Kolev showed in [35] that the Degasperis-Procesi equation can be reformulated as a non-metric Euler equation on the diffeomorphism group of the circle (see also [36] ).
For constants γ , c 1 ̸ = 0, c 2 ̸ = 0 and c 3 ̸ = 0 in Eq. (1), under suitable mathematical transforms and several restrictions on its coefficients (see [10] ), Eq. (1) is turned into the form
where a and b can be chosen as arbitrary positive constants. Also we notice that Eq. (4) 
The rest of this paper is organized as follows. Section 2 states the main result of this work. Several lemmas are given in Section 3. Existence and uniqueness of global weak solution is established in Section 4.
Main results
Firstly, we give some notations.
The space of all infinitely differentiable functions φ(t, 
and letting φ ε (x) = ε and u ε0 = φ ε ⋆ u 0 , we know that u ε0 ∈ C ∞ for any u 0 ∈ H s with
In order to study the existence of weak solutions for Eq. (4), we consider its Cauchy problem in the form
where a > 0 and b > 0 are arbitrary constants and
Making use of the first equation of problem (6), we know
Now we give the main result of this work.
Several lemmas
where c is a constant depending only on r.
from which we obtain
. Then the Cauchy problem (6) has a unique solution
where T > 0 depends on ‖u 0 ‖ H s (R) .
For s ≥ 2, using the first equation of problem (6) gives rise to
from which we have
(10)
For q ∈ (0, s − 1], there is a constant c depending only on q such that
If q ∈ [0, s − 1], there is a constant c depending only on q such that
x )dx and (10) derives (11).
We write Eq. (4) in the equivalent form
Applying ∂ 
For q ∈ (0, s −1], applying (Λ q u)Λ q on both sides of Eq. (14), noting the above equality and integrating the new equation with respect to x by parts, we obtain the equation
We will estimate each of the terms on the right-hand side of (15) . For the first and the fourth term, using integration by parts, the Cauchy-Schwarz inequality, and Lemmas 1 and 2, we have
where c only depends on q. Using the above estimate to the second term yields
For the third term, using Lemma 1 gives rise to
It follows from (15)- (18) that
which results in (12) . Applying operator (1 − ∂ 2 x ) −1 to multiply both sides of (14) yields the equation
] .
Multiplying both sides of Eq. (20) by (Λ q u t )Λ q for q ∈ [0, s − 1] and integrating the resultant equation by parts give rise to
On the right-hand side of Eq. (21), we have (22) in which we have used Lemma 1. Since
and
Applying (22)- (25) to (21) yields the inequality
where c is a constant independent of ε.
The proof of this lemma can be found in [44] .
Proof. Using u ε0 = φ ε ⋆ u 0 =  R u 0 (x − y)φ ε (y)dy yields the desired results.
Considering the problem
we know that its solution u depends on the parameter ε. We write u ε (t, x) to represent the solution of problem (33) . Using Lemma 4 derives that u ε (t,
Using the similar arguments in proving Lemma 9 in [44] and noting (34), we know that there exists a positive constant K = 2‖u 0 ‖ L 1 such that the lemma holds.
Using Lemmas 4 and 8-10, we have
Well-posedness for global weak solutions
, applying Lemmas 6, 7 and 11, notation u ε = u in inequalities (11)-(13) and using Gronwall's inequality, we obtain the inequalities
where q ∈ (0, s], r ∈ (0, s − 1] and c is independent of ε. It follows from Aubin's compactness theorem that there is a subsequence of {u ε }, denoted by {u ε n }, such that {u ε n } and their temporal derivatives {u ε n t } are weakly convergent to a function u(t, x) and its derivative u t in L
, respectively, where T is an arbitrary fixed positive number. Moreover, for any real number R 1 > 0, {u ε n } is convergent to the function u strongly in the space 
is a separable Banach space and {u ε n x } is a bounded sequence in
Since T > 0 is an arbitrary number, we complete the global existence of weak solutions to problem (6) .
The proof of uniqueness
Suppose that there exist two global weak solutions u(t, x) and v(t, x) to problem (6) with the same initial value 
For I 1 , it has
where c depends on T , K and u 0 .
For I 2 , using Lemma 3, we have
For I 3 , using Lemma 3, we have
Using (40)- (43), we get
where c depends on T , K and u 0 . Applying w(0) = 0 results in ‖w‖ 2 L 2 = 0, from which we obtain u = v in the sense of distribution.
